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I,  Planned  Investigations 


According  to  the  contract  the  following  studies  on 
clustering  of  galaxies  have  been  planned* 

1.  The  exi stones  and  evolution  of  auperclusters  should  be  proved,. 
Therefore  statistical  methods  must  b8  applied  to  the  existing 
catalogue  of  clusters.  The  theoretical  foundation  has  been  de¬ 
veloped  by  Dr.  Just.  His  results  are  given  in  the  appendix  of  this 
report. 

2.  The  richness-distribution  of  clusters  of  galaxies  should  be 
the  subject  of  the  second  part  of  the  investigations.  Especially 
the  influence  of  systematic  and  random  errors  on  the  richness- 
distribution  should  be  studied. 


II.  Results 

In  the  following  we  give  the  results  and  the  state  of  the 
investigations  ap  to  31  August  1962. 

1 .  Spatial  Distribution  of  Clusters 
a . _Empirioal_quaei-correlation_according_to  ABELL *  a  catalogue. 

After  the  theoretical  foundation  of  the  method  of  deriving 
quasi-correlations  it  was  our  aim  to  get  numerical  values  for 
these  quasi-correlations.  It  was  clear  that  the  numerical 
investigations  could  only  be  done  hy  using  hi g  digital  ctxv'n-  ,'y. 
Therefore  the  needed  datas  (ABELL-number,  magnitude,  place  and 
richness)  of  the  clusters  has  been  transfered  from  ABELL ' s 
mblicatlon  on  I  Bib-cards  and  on  paper  tapes.  For  the  electronic 
compute’"  AXEMENS  S  2002  a  program  has  been  prepared,  which 
a31ov/s  us  to  derive  the  empirical  grasi-correlations  from  the 
catalogue  -  In  Its  last  form  this  program  needs  about  9  hours 
for  one  set  of  the  parameters.  Because  of  the  low  use  of  in-  and 
output  units  it  is  qualified  for  wording  at  night.  The  program 


was  in  action  at  the  S  2002  -  computers .in  Berlin  and 
Heidelberg.  But  vp  to  day  no  certain  interpretation  of  the 
result  cun  be  given,  These  results,  however,  are  at  Dr.  JTJST’s 
disposal  for  his  continued  studies  on  the  sane  topio  in  the 
United  States, 

b.^niid^o.  Theoretical  juasi-correlatiun  Recording  to_HiJV/KAE ’  3 
s tails tic B^ond^eonpari son  of  _the_enpirical_and_  theoretical^ 
value s_in  order  to_derive  the  tenporal_evolution_of  the 
sugercluaters , 

To  solve  the  problems  of  existence  and  evolution  of  euper- 
oluaters,  it  is  necessary  to  compare  the  empirical  and  theoreti¬ 
cal  results  t  r  the  quasi-correlations.  This  v/as  the  task  of  a 
second  program.  It  was  constructed  in  such  a  manner,  that  it  coul 
use  the  results  of  the  first  program  (item  la)  direotly.  The 
second  program  exiete  in  a  proved  and  workable  form.  But  because 
it  depends  on  the  results  of  the  first  problem,  whioh  do  not 
exist  in  an  adequate  size,  we  were  not  able  to  get  practical 
results  with  the  second  program.  Therefore  no  solution  of  the 
problems  of  the  existsnee  and  evolution  of  super-clusters  could 
to  given, 

2,  Richness  Distribution  of  Clusters 

a, Modification  cf_ADTLLM_G2talogu9_according_to  aupposed_ 
sterna  tic_  err or s . _ 

ABELL* e  catalogue  v/as  examined  in  detail  according  to  eXTect 
of  systematic  errors.  The  result**  cf  the  investigation  has  been 
condensed  in  our  Technical  Note  No.1  (K.Just  und  S.Vitlon;  *  Remark 
on  the  validity  of  a  test  for  evolution" ) ,  The  treatment  of  the 
problem  has  been  continued  at  the  S  2002,  The  result  was  a  progra 
whidh  makes  it  possible  to  modify  ABELL* s  catalogue  id  a  rather 


general  kind  and  to  puneh  it  la  that  fora  on  paper  taper  for 
subsequent  use  within  the  progress  of  euperoluster  research. 

b.^Further^rjsearch  on^the^rlohnesg  dietributign^  eegeolal^r^ 
application  ofjiorc  involved^etatistics 

For  the  derivation  of  the  riohnesa-distribution  of  dusters  of 
galaxies  and  for  the  application  of  statistical  methods  on  that 
problem  we  have  prepared  some  programs  for  the  S  2002.  But  their 
enforcement  has  been  deferred  beoause  of  a  suggested  deficiency  of 
the  underlying  mathematics  and  beoause  of  their  high  computing  tines 

Beside  the  research  on  super clusters  and  on  the  riohness 
distribution  we  have  Btarted  and  partly  finished  eoae  other 
investigations  about  dusters  of  galaxies: 
a.  Hesearch_on  cluster  nodells  in^cosraology. 

The  investigation  of  this  problem  has  led  to  the  following 
publication:  K.Just  and  K. Kraus:  "Spherically  Symmetric  Models 
in  Relativistic  and  Newtonian  Cosmology" .  This  paper  has  been 
published  with  the  additional  note  "Supported  by  the  U  P  Air  Force 
Office  of  Sclsntifio  Research"  and  has  been  already  submitted  to  this 
of floe. 

b o _Densi ty^distribution  in_olusters  of^galaxies.^ 

The  problem  of  oomputing  the  density  distribution  in  dusters 

has  been  disoussed  in  the  preprint:  K.  Just  and  R.  Widen: 

"On  Flattened  Cluetere  of  Galaxies",  A  program  has  been  completed, 

which  makes  it  possible  to  derive  the  spatial  distribution  from  the 

observed  projected  density.  The  results  v/cure  not  of  the  suggested 

Quality  booause  the  fur'Vav.ental  observations  (Catalogue  of  SHAI H 

and  V.’irtanen)  show  counting  regions  of  a  tco  fx tended  r'izc  "or 
this  problem. 
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1.  Technical  Dlffloultiee. 

All  investigations  could  be  done  only  by.  using  big  electro¬ 
nic  computers.  In  the  beginning  we  had  hoped  to  get  sufficient 
access  to  the  SIEMENS  2002  in  Berlin,  But  this  aim  was  not 
attained,  although  we  have  made  all  possible  exertions.  At  the 
S  2002  we  disposed  of  three  hours  weekly,  on  the  average,  for 
the  researoh  on  clustering  o i  galaxies.  This  time  was  much  too 
short  for  our  purpose.  Therefore  in  most  cases  we  could  only 
prove  but  not  performe  the  program  at  the  machine.  Me  have  tried 
to  carry  out  our  computation  at  machines  of  the  same  type  at  other 
compute  centers  (Heidelberg,  TUbingen),  but  those  actions  were 
of  nearly  no  success, 

2,  Personal  difficulties. 

The  most  important  reason  for  the  lack  of  a  conclusion  of  the 
research  is  the  fact  that  hr.  Just  as  the  principal  investigator 
has  left  Berlin  in  July  1961,  He  became  assistant  professor  at  the 
University  of  Arizona,  Thus  a  planned  division  for  physics  of 
stellar  systems  could  not  be  etablished  in  our  institute. 

Two  of  the  three  participating  investigators  left  Berlin  too. 
Therefore  it  is  impossible  for  our  institute  to  continue  the  research 
on  clustering  of  galaxies, 

IV,  Continuation  of  the  Investigations 

1 )r.  Just  continuos  the  investigations  on  clustering  of 
galaxies  in  the  United  States,  For  that  purpose  he  can  dispose  of 
all  results,  which  have  been  derived  during  the  researoh  on  the  same 
topics  in  Berlin, 
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RESEARCH  OH  CLUSfERIHG  OF  OALAXIB8 

A*« &M.P 

Existence,  structure  and  evolution  o f  superolustsrs  of  galaxies 
have  been  investigated  by  using  ABELL 'e  catalogue  of  rioh  olusters 
of  galaxies »  She  effect  of  systematical  errors  in  this  oatalogue 
has  also  been  studied.  Because  of  technical  and  personal  difficulties 
the  greater  part  of  the  planned  investigations  could  not  bsen  oarried 
out.  However*  the  studies  are  continued  by  Dr.  Just  at  the  University 
of  Arizona. 

1.  Introduction  and  Outlook 

Those  parts  of  the  elaborate  theory  of  NEYKAH ,  SCOTT,  and  SHAKE, 
which  are  :  ost .important  for  our  purpose,  were  summarized  best  in 

their  paper  "Statistics  of  Images  of  Galaxies  . . "  (1956),  tc 

which  we  shall  refer  by  (  S  )  .  Originally  that  theory  (NEYILAH, 

SOOTT  1952)  was  intended  to  derive  from  oounts  of  single  galaxies 
their  tendency  to  concentrate  in  clusters.  In  this  manner  one  oould 
'.•von  investigate  those  small  olusters  of  galaxies,  which  are  not 
disoeriiable  individually.  For  the  observer  they  only  fora  a  rather 
fluctuating  background,  called  the  "general  field";  but  even  this 
was  found  in  accordance  with  the  assumption,  that  any  galaxy  belongs 
to  a  cluster. 

Although  their  general  theory  allows  to  treat  the  counting 
of  galaxies  in  arbitrary  areas  of  the  sky,  NEYHAN  and  SCOTT 
(1952,  1959)  have  applied  it  only  to  oounts  in  a  net  of  squares 
(SHAKE,  '/IRTANEH  1954),  sinoe  no  others  are  available.  But  .’hen 
trying  to  evaluate  simultaneously  the  oounts  in  A*  x  a  * 
and  40*  *  40*  squares,  they  found  a  discrepancy  (  S,  Figure  5  ) 
whioh  seems  to  require  the  assumption  that  the  olustors  themselves 
are  clustered  (  S,  Figures  5»  6  ). 


The  existence  of  supsrdusters  suggested  in  this  way  was 
further  confirmed  by  ABELL  (1958)  (  whose  oatdog  contains  ths 
positions  of  all  rioh  olustsrs  of  galaxies,  which  are  dearly 
disoemable  individually.  Discussing  them  under  the  hypotheeis 
that  their  random  distribution  is  a  homogeneous  one,  he  oould 
rejeot  that  hypothesis  with  an  overwhelming  reliability  (ABELL  1958) 
(Table  12).  Then  he  repeated  his  test  with  oounting  areas  of  various 
else  and  separately  for  early  and  late  dusters,  in  order  to 
estimate  the  apparent  sise  of  those  aggregates.  The  result  was 
(ABELL  1958,  Tables  15  to  15  ),  that  the  angular  diameter 
characterizing  the  phenomenon  of  euperdusterlng  is  inversely 
proportional  to  the  redshift  £  . 

Thus  the  absolute  sizes  of  the  super-dusters  would  be  the 
same  at  all  epoohs,  showing  a  characteristic  length  of  about 
4  •  10 *  parsec.  This  also  follows  from  the  "index  of  dumpiness" 
as  defined  for  galaxies  by  ZWICKY  (1955)  or  by  HEYMAN,  SCOTT,  SHANE 
(1954),  and  oaloulated  by  ABELL  (1958,  Tables  17,18  )  for  the 
dusters  of  his  oatalog.  It  rejects  completely  the  opinion  of 
ZVTICKY  (1959),  that  the  observed  tendenoy  of  superolustering  is 
nothing  but  an  effeot  of  lntergdaotie  obscuration,  although 
nobody  denies  that  Buoh  an  obscuration  might  dso  have  some 
influence. 

Sinoe,  however,  the  single  duoter:?  show  a  temporal  evolution 
(JUST  1959),  one  might  ouspect  that  dso  their  aggregates  are  not 
in  a  completely  steady  state.  But  the  mentioned  methods  of  \BELL 
will  not  to  ouHable  to  estinato  more  than  the  oocfficiont  C  of 
the  expansion 

•t  .©  .  c(i*r**4*‘*  •••>  ._  (1) 

where  6*  shdl  be  the  oharaoterletlo  length  of  superolustering 


and  T  the  distance  from  us,  measured  by  the  tine  of  light 
travel.  If  one  nay  get  further  at  all,  the  best  method  known 
will  be  that  of  serial  quaei-oorrelations  developed  by  HEYHAN 
and  SCOTT  (1952)}  therefore  we  shall  modify  this  method  for 
our  purpose. 

Of  course  one  can  never  estimate  in  ( 1 )  the  coefficient  S  , 
since  a  sufficiently  complete  survey  of  indidually  disoemable 
clusters  will  be  rather  limited  in  depth  of  spaoe.  But  already 
g-  would  answer  the  important  question,  to  what  extent  the 
superolusters  are  participating  in  the  cosnio  expansion.  If 
their  average  size  would  bo  constant  with  respeot  to  our  local 
(atomic)  measures,  we  shall  have  *  -g-  ,  while  its  constancy 

with  respect  to  the  expanding  universe  would  mean  f  »  -  •£ 

This  statement,  which  holds  under  rather  general  assumptions  of 
cosmology,  will  be  proved  in  another  paper,  where  also  the 
actual  estimate  of  y-  from  AB^LL's  catalog  will  be  given. 


fundamental  Assumption  - 

In  analogy  to  those  of  NEYL1AN,  SCOTT,  and  SHANE  (S)  our 

baeio  assumptions  shall  be:  • 

i ,  Each  cluster  belongs  to  a  super-clusterc.  which  however  shall 

not  be.  rTctcT-tTecl  by  the  unobservable  total  number  of 
its  nerubers,  but  by  its  "richness"  A  , defined  ns  the  number 
of  those  •’lusters*  which  themselves  have  a  richness  n  >'  50 
(Appendix:  i )  - 

2-,  The  richness  A  of  a  super-cluster  is^a,  random  variable 
having  the  tine-dependent  frequency  distribution 


-'i  th  .  fz-  f  (N.n)  »  1  , 

which  is  obtainable  from,  a  probability  generating  function 

fi„  Cjit i  a  t  [$"}  -  £ 

(by  we  denote  an  exP  ctation  value )* 

3,  Given  the  center  of  a  super-cluster  by  its  celestial 
coordinates  fi  .A  .  and  the  epoch  i  -  ""  ^ 

of.  light-emissions  the  probability  density  of  its  members 
at  £  ,  shall  be 


\  ..."  ••  ■  ^  ("Sy/iy  ) 


(4) 


I  (p>  I  A  )  *•  / 

where  the  "angular  distance"  is  a  certain  combination 
>he  four  celestial  coordinates  (Appendix  2)t 

|  co*(A-a.)  .  (5) 

The  parameter  f>  shall  arbitrarily  depend  on  the  epoch  "t  i 


»» Co  ) 


with  A* *'-**< 


(*> 


» 
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where  t«  denotes  our  epocht  and  K  the  reoiprooal  HUBBLE 
parameters 

k.  *s  ao<0  y«ara  .  (7) 

The  random  distribution  of  the  super-dusters  in  space  shall 
be  striotly  homogeneous »  such  that  we  negleot  the  possibility 
of  third  order  clustering  (Appendix  3)<> 

5«  Thanks  to  our  convention  to  consider  as  members  of  a  super- 
oluster  only  the  clusters  with  richness  ^  a  so 
(Appendix  1)f  we  may  assume  that  in  the  regions  selected  by 
ABELL  (1958,  §  II  b)  nearly  all  those  objects  are  really 
observed.  This  yields  8  • 4  for  the  probability  of  "visibility" 
instead  of  the  expression  (15)  of  (S).  Therefore  we  may  replaoe 
the  formulae  (23,24)  of  that  paper  by 

P-i-  C3,  A. ,  *»)  r  htA.,T)uup  dp  dA  (8) 

for  a.  *  A  f  Z  j  but  P»  *  °  » 


if  we  also  agree  to  consider  only  disjoint  regions  > 

co„  of  observation.  Sinoe  F  1b  already  a  "projected"  density 
(Appendix  2),  and  a>k  are  no  sp  tial  regions,  but  areas 

on  the  celestial  sphere. 

6,  The  joint  probability  P  }  A  I  ,  «■>*) 

to  observe  exactly  dusters  in  the  area  *»,,  and 

in  <*>t  shall  follow  from  a  generating  function 


whioh  is  given  by  (22)  of  (S)s 

tfs  (X^  *  U, ,*.)  *  cans*  •/»,*  cos  B  d  B  d  A  el  V  <*), 


(9) 


(10) 


Hero  6n  ao£r*3  th  ?  sener^i^  function  defined 
(3j*  './hi le  dVfiE-)  io  that  volunc  of 


conoyj 


the  lifjht  observed  ;r>v/  was  eraittc?d 


bet/./oen  <r  av-.d  "c  +  ch: 
(Avv'.v-rt-t*  ,;); 


«  thv.3  b3in~  >,v 

-  -  ^ 


tjVfrj  a  cc»k4  1  >  i‘X  >  "J*  T*  )  t*  cbw  , 


3»  Remarks  on.  some  i'iati-l-retione 


Of  course  the  two  functions  CxN($lt:)  and 
needed  to  specify  the  ctochastio  model  cannot  be • determined 
from  the  observations  in  detail o  lr3  oan  only  hope  to  estimate 

. /ery  i-.nv  a.  oitreuy  paramo  cere  (actually  only  two)  of  a 
plausiole.  assumpticru  Now  it  would  bs  difficult  to  find  such 


on  anaunpt?  or  for  (5)v  'but  fortunately  we  shall  only  need  the 


1 owe at 

nor 

centos 

M'o 

& 

-  W 

=  6n  (din) 

/a-i 

-  <aN  (4  1^) 

/x  * 

t  fN -N 

}  =^CUT) 

nnd  n3oo  these  only  in  intense  Hate  calculations. 

For  {  (  %'j  —  x  ('Sh/c )  vie  may  assume  with  ?i£YKAE  ana 
S002T  (Appendix  2): 


|  ac  COr-st  •  e  *  * 

or  perhaps  cake  according  to  IIIDKN  (1907)  the  equilibrium 
configuration  of  a  gravitating  ?.&&  sphere  with  a  polytrople 

index  between  th»  adiabatic  and  tho  isothervcJ  ojio* 

a“i  .<•  »  between  these  extremes  ar~  so  similar 

(JUtJf’o  196‘l),  that  we  nay  choose  r<  particular  one 

*> 

by  asking  for  mathematic al  simplicity,  This  1  '‘ads  to  the 
only  Case  (  p'n  ■*  ’  t  nnere  affDSfs 

equation  has  ar  exuli  Ut.  solution,  and  which  yields 

the  projected  density  (Appendix  2)t 

/  .  *  2  .  ~ 9 

f  'H)  con!St  •  l  ^  t  *5  ) 

T  ■>  rn,;i  ,a  +he  1  ( 1 0)  er+coda  over  :ho  "'hole 


(13) 


(14) 


celestial  sphere*  but  practically  only  the  regions  cuA  „  , 

ano  their  immediate  purrovhtp  ngs  will  contribute ;  From  (8) 
.and  (4)  wit).  (13)  or  ( H ;  we  ;et  put - >.  0  ,  if  the  point 


-  b  - 

&  i  A.  moves  far  from  toi  ,  vMle  (10)  with  the  first 
line  of  (12)  yields: 

— *■  ^1  —  6* Ml*)  *  0  for  'll*) 

In  Tf  the  integral  (10)  shall  extend  over  those  epochs* 
whioh  are  included  in  the  sky  survey  considered.  More  correct¬ 
ly  this  ought  to  hold  for  that  integration  (Appendix  2),  which 
led  to  the  projected  density  (4)*  because  we  had  to  cum  over 
the  observable  members  of  the  super-clusters,  while  the  integral 
(10)  over  ih'ir  centers  should  ineluf.e  all  epochs.  But  the 
dependence  of  (4)  and  therefo*- #(8)  on  will  be  weak,  and  v 

itself  cannot  be  measured  without  much  uncertainty.  Hence  both 
procedure,  are  practically  equivalent,  while  that  adopted  here 
is  easier  than  the  rigorous  one. 


fo  eoapare  tea  theoretical  resalt  (10)  with  Hm  >Ww- 
rations  and  Urns  to  uttacli  lit  pumtor  e  rm  wt  the 
fonnlae  (26,  27,  28)  of  (S).  Sum  w  hm  ft  »0  thanks 
to  our  un  of  disjoint  regions  ,  w,  wo. nap  writs  in  our 
notation*  ' 

*  e  K}  -  r/H,  Rtft*  > ,  i  -  ««♦  >  («). 

and 

(17) 

q  +/*»)*  ^  cP*>Pn^ 

with 

*R(f)  &  Jf -©ae^BdA-dVfu)  >  (is) 

where  q  is  t/.o  initial  Cc.i^ity  of  ci'-iur-olnctora#  'Jo 

eliminate  from  this  oxpreueions  the  hardlp  determinable 
parameters  /i*  ,  /**  and  q  ,  we  define  aa  in  (29)  of  (S) 
tho  theoretical  "quaai-oorrelation"  i 


T.  M  ,,$a  .  _  ..Eifiift).. 
'  «L-%  RCnn.) 


KCpft) 

An  eanirioal  oeuaterptrt  of  this  ra&p  be  oaloulated  aa 
follows t 

1.  ?e  eeleot  a  sequenoe  of  K  >>'1  conranaal  re/riono 

>  the  oormon  shape  of  whioh  is  arbitrary,  and  which 
are  distributed  anyhow  ( systematically  or  at  random)  orer 
the  field  of  the  sky  survey. 

2.  Denoting  by  <ft  the  oomon  area  of  tho  rojione  , 

that  of  tho  whole  surrey  by  sQt  ,  and  its  total  r;*.T  rr  of 
dusters  by  C  ,  we  sot  as  empirical  ocrct-r^crt  of  the 

ralue  ?4  dofii.ed  in  (16)i 


(19) 
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5*  R  witk  n  -C/&  ,  (20) 

the  last  being  the  average  number  of  clusters  in  a  unit  of 
solid  angle. 

3.  Denoting  by  ^  the  number  of  clusters  observed  in  the 

region  eft*  ,  we  calculate  as  empirical  counterpart  of  : 

&  W4  (^-7  )\  (21) 

4.  Around  eaoh  tft*  we  select  a  sequence  of  L  congruent 
regions  o£  „  Buch  that  each  of  the  K  *  L  pairs  eft>K  >  0)c 
is  congruent  to  every  other  of  them. 

5.  Denoting  by  co  the  common  area  of  the  regions  , 

we  define  in  analogy  to  (20): 

Ju  =  co  >  n.  (22) 

6.  If  /<-*  is  the  number  of  clusters  observed  in  the  region 

»  the  eraperieal  counterpart  of  is 

S«  =  (HLr^l  (Vx-P)^  (^1-/3-). 

7-  '.Vith  (20)  to  (23)  we  get  as  counterpart  of  (19)  the 
enr  ideal  quasi-corrclation 

E  -  Sn  ■  ( S„  -  V  ) 


(24) 


-  11 


5*  Counts  in  Olroular  Region* 

If  the  common  shape  of  the  region*  i*  ivwfmiiMy- 

«*  oan  relate  to  each  of  then  only  one  cd*  »  co^  , 
because  no  other  figure  ****  with  the  sene  ^jc 

would  be  oongruent  to  the  pair  >  coh  •  If  «&*  i*  a 
region  allowing  C  different  oongruent  mappings  onto  iteelf , 
we  hare  up  to  C  oongruent  pairs  <A*  ,*»>1  (Figure  1). 

The  epeoial  oaee  of  ggjgggn  arranged  in  a  regular 
net  (without  gape)  la  the  only  one  used  up  to  now?  a  very 
similar  arrangement  would  bo  a  net  of  sexanxlee.  Shoes  note 
hare  the  welcome  property*  that  eaoh  central  counting  region 
Jig  oan  also  serve  as  a  <4  related  to  eerveral  other 
JlK  .  But  on  a  large  part  of  the  sphere  such  a  "net"  without 
too  much  distortion  dots  not  exist. 

Therefore  we  oannot  use  for  our  purpose  any  "net"  at  all) 
but  this  gives  us  the  freedom  to  choose  as  a  oentral  region 
the  simplest  possible,  namely  taat  Inside  a  olrole.  Thai 
any  oonplete  sequence  of  possible  co*  fills  the  whole  zone 
betv'e-en  two  circles?  and  the*  simplest  orx’angonent  of  those 
actually  used  is  that,  which  o overs  a  zone  exaotly  onoo  (Figure  2 
with  the  internal  borders) « 

Finally  removing  the  Internal  tenders  we  get  the  some 
picture,  as  if  we  wnild  have  considered  the  olroular  regjons 
from  the  beginning.  Thus  our  derivation  appears  ae  a  detour, 
but  we  have  given  it  in  order  to  shew! 

1 .  why  we  shall  praotloally  use  the  wnee  not  with  the  same 
araa  ae  tire  oentral  regions,  but  vith  nearly  the  sane  extent 
in  radial  direction  (Figure  2), 
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2.  that  the  oounting  In  olroular  regions  is  quits  natural 
and  not  too  different  from  that  in  a  net  of  squares. 

But  now  we  say  consider  the  whole  sons  starrounding 
each  oentral  region  as  a  single  region 

cox  *  «x  (figure  2  without  the  internal 

boundaries).  Then  (23)  simplifies  to 

-  k"  £  , 

where  the  aotu&l  number  jmx  of  clusters  and  its  expectation 
value  pi  belong  to  the  zone  0^  0  <  0* 

around  the  X~th  oentral  region  0  <  0,  .  V/ith  (21) 

snfi  (25)  tho  anpirical  quaei-oorrolctlun.  (24)  finally  reads* 


(25) 


(26) 


6,  The  Depend anoe  on  Parameters 


Of  course  the  quasi-correlation  (26)  and  its  theoretical 
counterpart  (19)  depend  on  the  angular  distances  Gu  ,  ,  6^ 

between  the  three  bordering  circles  and  their  common  oenter 
(Figure  2),  These  are  the  intrinsic  parameters  defining  our 
pairs  of  circular  counting  regions ,  They  are  constant  within 
the  sums  of  (26),  vhich  range  over  all  points  on  the  sky 
chosen  as  centers  of  those  congruent  figures.  Thus  the  result 
E  will  depend  on  ©C  I  ©1  an  also  on  the  depth  of  the  sky 
'  a.s-nr.oyo  defined  by  the  limiting  values  rr\  and  rri  of 
ABEIL's  measure  vrt  of  distance  (Appendix  4): 

E  *  E  (  i  0,  )  0*  j  tu  >  )  .  ( 27 ) 

Of  course  E  will  also  depend  on  the  chosen  centers  of  the 
counting  regions;  but  we  hope,  that  this  dependence  will  be 
unimportant,  if  they  are  distributed  with  constant  denuity 
(see  §  8,1 ,)  and  their  number  K  exceeds  a  reasonable  value. 

The  theoretical  expression  (19)  to  be  compared  with  (27) 
must  of  course  be  calculated  with  the  same  parameters  0* ,  0,}0tj 
and  the  temporal  Unit  ,  t  corresponding  to  m,  ,  Vn.  : 

X  ^  X  (m)  X  ^  t:(ra5  .  (2.1) 

Here  X  Cm}  must  be  the  inverse  of  the  following  function 
(Appendix  4): 

'rrx  (X)  *  5  laX;  +  a  +  &  •**  +  c  , 

^  (29) 

a-2d,Od  ,  b  *  >  c  «■  2> ,  5  . 

Put  1"  will  also  be  a  functional  of  the  function  &  * 
v/hioh  was  Introduced  in  5  )  to  measure  the  apparent  sice  of 


-  H  - 


an  average  super-cluster  at  the  epoch  K  .  If  we  use  for  V 
the  first  approximation  in  the  sense  of  (1)s 

e  CD)  m  f)  ,  ("3). 

then  the  dependence  of  T  on  this  ia  expressed  by  its 
constants  c  and  y-  ;  thus  we  here  finally: 

T  -  T  (  G9)  ©„  ,©*  j  X  ,  r  |  c  ,  yO  .  (31) 

It  nuet  b&  emphasized  that  the  Ci^tanoe  3  from  the 
center  of  a  counting  region  has  nothing  to  do  with  the 

distance  *&  from  the  center  C±  of  the  super-cluster: 
Empirically  the  C-i  are  completely  unknown,  while  the 
are  arbitrary,,  In  the  theory  a  single  T  will  he  made  the 
pole  of  the  coordinate  sycbs.a#  v/hilo  we  must  average  C  over 
the  whole  sphere o 

7o  The  Numerical  Problems 

Taking  as  the  pole  of  the  coordinate  system 

the  center  9  a  0  of  one  pair  of  circular  regions  (Figure  2), 
we  have  these  given  by 

and  Q,  £  "P  <  0*  •  (32) 

The  integration  (8)  with  (4): 

pi  CB,  A./t )  -  const  •  ©*/ cosfb  d(i  f  (-A/C )  (33) 

must  now  run  ovsr  the  first  of  the  regions  (32)  -  a  polar  cap  - 
in  order  to  yield  p4  t  and  over  tlv>  seoond  ons  -  e  surrounding 
latitude  zone  -  to  give  ft  * 
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At  (8)  we  have  excluded  the  possibility  of  overlapping 
regions  of  counting,  so  we  met  require 

o<  e*  ^  a,  <  ea  .  (34) 


But  mathematically  the  two  integrals  p,  and  ^  will 
follow  by 

p,  -f  (a.IBpr),  p,  -  f(e,i  B,o)-f(e4lB,«) 

from  the  same  function* 

a  » 

f  (6  IB,«)  ^  con***©  J  df  J' 6»oS 
where  we  have  according  to  (5)* 

Comparing  (35)  with  (33)  we  recognise  that  the  dependence 
on  co,  and  ufc  ia  now  expressed  by  €L,  0, ,  0*.  ,  while  A.  has 
disappeared,  and  U  is  oontainod  in  O'  The  two  oases  of 
(18),  which  are  needed  in  (19),  nay  therefore  be  written 


(35) 

(36) 

(37) 


^(p.p^  -  /a(e„a1,0*i«c'o))dvcw) 

'RCp.pO  *  Jc*  (©,,0,  8,|OOt))elVcc) 

with  the  integral 

&(  61,9.,  ,8^  I©)  -  cons+^/dCcoeB)^ 

Finally  inserting  the  limits  in  tine  and  the  assumption 
(30)  for  the  apparent  size  of  a  super-cluster,  wc  set 
from  (19)  with  (38)* 

'RCe.,o,Q,j‘£,sc>c,r) 


(39) 


(39) 


T 


(40) 
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with  the  numerator  stiver  by 

*1^ 

H  *■  f  6  °*  -  *?*■  c't)  avtvj  ,  t*1). 

y  I 

find  the  denominator  following  by  an  easy  substitution* 

The  result  (40)  actually  depends  on  the  parameters 
indicated  in  (31)*  among  which  the  five  0  and  %  must 
be  the  same  as  in  the  empirical  result  (26)  to  (28) e  On  the 
other  hand  the  two  unknows  C  and  y  must  be  the  sane 
for  all  values  of  the  0  and  'c  0  Thus  y/e  shall  estimate 
them  in  a  following  paper  by  looking  for  the  best  fit  of  (40) 
to  (27)  with  many  different  choices  of  the  independent  para¬ 
meters  0O  )  o2 )  y .  o  . 

Unfortunately,  in  (36)  with  (37),  only  the  integration 
over  cau  lo  performed  explicitly,,  V’ith  (13)  it  yields 

by  a  well  known  definition  of  the  BESSEL  functions: 

f  (  &  i  ft  ,1; )  c syra-A  •  o  J* e,  (.  It. )  d  (fj»  6  )  }  (  42  )' 

'  o' 

with  (14)  we  reoeive: 

■f  (0  iT3,t;)  —  ci»ns1  •  o  f  fa  ( fe*-  ■£* )  olCnosG)  *  (43} 

where  we  have  used  in  both  cases  the  abbreviations: 

-fa,  y  co  (4-  sin'ftco*0) 

£u  id  (44) 

£  ^  co  cos  lij  sin  0 

* 

<*>  «"*  “( ^/c)a(/1  +  yTr)"*  ,  (45) 


with 


8°  g  U  II  B  f  T  I 


In  spite  of  the  similarity  shown  in  §  5  we  have 
the  following  diversities  between  our  arrangement  and  that 
based  on  a  net  of  squares: 

1  a  Since  a  systematic  distribution  of  more  than  24  points 
on  a  sphere  cannot  be  homogeneous,  we  rather  prefer  to 
distribute  the  centers  of  our  oiroular  regions  at  random, 
but  with  a  constant  probability  density. 

2.  Since  the  regions,  from  which  the  numbers  V*  and  ju.K 
are  counted,'  have  arbitrary  and  independent  areas,  the 
quasi-oorrelations  (19)  and  (26)  oan  have  any  order  of 
magnitude,  while  those  from  pairs  of  the  same  area  are 
smaller  than  one* 

3.  Besides  the  new  freedom  to  choose  the  o enters  of  our 
oounting  regions,  the  influence  of  whioh  we  hope  to  get 
small  enough,  we  have  the  weloome  possibility  to  vary  the 
three  parameters  61 , 6,  ,  6*  independently.  With  a  net  of 
squares  one  oould  only  vary  the  distance  of  the  two  correspond! 
fields  (S,  Figures  1  and  2),  perhaps  also  their  area 

(S,  Pigure  3);  therefore  the  method  was  oalled  that  of 
"serial"  quasi-correlations. 

Another  difference  between  our  method  for  superoluaters 
and  that  for  dusters  is  due  to  the  obeervations  available 
here  and  there;  and  two  further  diversities  are  following 
from  these  fpd  from  our  arrangement  of  oountsi 

4.  The  parameter  y  to  be  estimated  here  besides 

c  *  t.Q(t)  concerns  the  variation  of  trerct) 

in  tlufat  the  second  parameter  vrv*  -  M ,  there  (8,  fable  Z) 
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determined  the  "risibility"  of  the  objecrt*.  But  this 
concept  le  not  necessary  here  (§  2,5) ♦  while  our  hope  to 
estimate  f  by  means  of  the  additional  freedom  in  the 

temporal  13rd  ts  %  and  £  is  due  to  the  faot  that  the 
oh:')or,.'a+,io’iB  avrAlnble  hone  (ABELL  1 95B )  are  clao-olfied  in 
depth  ol' 

5.  A  counting  in  so  many  regions  of  circular  shape,  many  of  whioh 
will  even  overlap*  ua-mot  be  achieved  without  a  corapu  i  ing 
machine,  and  only  from  a  catalog  of  positions „  For  the  big 
clusters  this  fortunately  do^e  exiat  ( ABJ ;LL  1956  ),  while  for 
sufficiently  many  galaxies  we  only  know  a  catalog  of  counts 
in  squares  (SHANE,  .VIRTANLN  1954). 

Go  With  only  few  independent  parameters  the  comparison  of  theory 
and  observation  could  prooeed  graphically  (S*  Figure  1  to  3); 
thanks  to  the  many  parameters  to  bo  varic"  here  a  n-jtnorloal 
method  will  ho  L'/cvllOa 


Appendix  1»  the  richness  of  olipitsrs 


The  riohriess  n  of  a  duster  was  defined  by  ABELL  (1958, 

§  II  f  3)  as  that  number  of  its  galaxies,  the  apparent 
magnitudes  m  of  which  exceed  that  of  the  third  brightest 
galaxy  by  less  than  two#  Denoting  by  my  the  apparent  magnitude 
of  the  v-th  brightest  member  of  a  cluster,  we  have  thus 

onrLn  rn.^  +  2  -  A  (1) 

In  order  to  nake  the  result  rather  independent  of  the  area 
of  counting,  ABELL  also  applies  a  "field  subtraction1*  ■  . 

Therefore  "n.  is  defined  more  exactly  by 

Yv-n?  with  "rYLn«  »  »T\y  -**2.)  A  (2) 

where  v1  numbers  the  galaxies  within  a  certain  circle 

around  the  co.vtor  of  the  cluster,  and  those  in  a 

distant  field  of  the  sane  area- 

The  n  defined  in  this  way  depends  on  the  initial 
steepness  of  the  luminosity  function  -In  a  cluster.  As  far  as  it 
can  be  determined  at  all,  it  is  thus  a  good  measure  for  its  total 
content-  In  contrast  to  the  number  of  all  visible  galaxies,  which 
is  preferred  by  Zwioky  (I960),  it  is  namely  indaw.-nr'nflf  0f  ^he 
distance  from  us,  and  of  the  various  conditions  of  the  exposure - 
In  our  present  context  it  is  only  important,  that  ABELL  feels 
surs  to  have  catalogued  (in  certain  fields  of  the  sky  and  between 
certain  limits  of  the  distance  from  us)  aimnat  up  the  dusters 
with  richness  n.  2:  5‘Q  „ 

If  this  is  correct,  also  our  investigation  of  super-clusters 
will  be  free  from  an  observational  bias, 'sines  we  are  baaing 
it  only  on  that  "homogeneous  sample *  of  dusters  (ABELL  1958, 

§  III  a). 
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Appendix  2:  The  projected  deneity 

Although  the  observable  appearance  of  the "super-clusters" 
is  that  of  irregular  clouds  rather  than  organised  structures 
(ZV/ICKY  1959) >  we  shall  for  our  present  purpose  consider  then 
as  spherically  symmetric.  This  assunption  is  somewhat  justified 
by  the  fact  that  also  a  model  with  spherically  symmetric  clusters 
of  galaxies  (SCOTT,  SHANE,  S' ANSON  1954)  yields  such  a  cloudy 
appearance,  from  which  only  the  very  largest  clusters  are 
discernable  individually. 

Thus  the  bad  immediate  appearance  of  the  super-duster., 
is  no  argument  against  a  well  defined  organisation,  although 
this  hypothesis  ought  to  be  tested  in  ae  many  ways  as  possible. 
But  if  organized  at  all,  the  super-clusters  might  still  deviate 
from  spherical  symmetry,  like  the  clusters  themselves  do 
(JUST,  WIELEN  1961).  Hence  also  this  symmetry  is  an  additional 
hypothesis,  but  without  it  the  statistical  theory  of  NETfMAN 
and  SCOTT  would  be  too  complicated . 

Thus  we  assume  that  the  normalized  spatial  distribution 
§  of  the  clusters  forming  a  super-cluster  depends  only  on  their 
distance  from  its  center* 


S  <  ^)  =  const  <  s’*  T"  (Vf/S  ) 
Here  K*-)  is  a  function  like 


with- 


S  “  Con 


A  (3)' 


Fc*o  -  ( "I*  $ ** ) 


-t 


F(k)  ~  e  or 

tho  first  being  that  used  by  NEYteAN  and  SCOTT,  the  second 
the  only  elementary  function  among  those  found  by  EKDKN  (1907) 


A  (4) 


Tor  the  equilibrium  denjity  of  a  aolf-gravitatinv  gas  sphere 
with  a  polytroplo  equation  of  state  (JUST,  vriElSN  1961). 


At  first  disregarding  the  expansion  and  curvature  of 
oosalo  epeee,  wo  hove  to  eoloulato  free  A{3)  the  nreieeted 
density  f  (\)  os  usually*  : 

*  w4til  .  A 

Hero  1  it  a  distance  measured  along  the  line  of  eight, 
t  ito  smallest  distanoe  from  the  center  of  the  supero luster. 
V/ith  A(3)  to  A(5)  an  easy  oaloulation  yields 

f<«>  -  wlth  U-«/*  »  A 

where  f<y  is  given  by  (13)  or  ( H) «  Now  denoting  by  the 

distance  between  the  observer  and  the  center  of  the  super- 
duster,  by  or  its  apparent  radius,  we  have 

X  ■  \  #  and  S  ~  •  ®  , 

henoe  A 

1*  *  &/Q  . 

Here  is  the  angle  between  the  lines  of  sight  to  the 
center  and  to  a  particular  member  of  the  super-oluster. 

If  in  any  system  of  oelostial  coordinates  these  have  the 
latitudes  )  B  and  the  longitudes  X  >  A.  we  have  exactly 

cos  *9*  •'  sm|b  amB  +  cos^cas'b  co*(7t~A)  >  ^ 

whioh  reduoes  to  (5)  for  a  small  •&  . 

Now  to  aooount  for  the  curvature  and  expansion  of 
oosmio  spaoe,  we  may  still  negleot  the  first  within  each 
super-cluster,  and  the  second  during  that  time,  in  whioh  the. 
light  travels  thru  it.  therefore  our  derivations  up  to  A(6) 
remain  valid,  if  wa  interpret  ,  X }  L  as  those 
ooordinatee,  which  are  a<iual  to  the  corresponding  HTKLIDeen 
distanoes  cf  to-dear.  * 


She  retraining  influence  of  expansion  and  curvature  la 
that  on  our  liotanca  ^  from  the  super-olnrter*  This  will 
be  observed  exactly  bv  gi ving  to  ^  the  correct  one  among 
the  many  different  definitions  of  spatial  distanoe  in 
cosmology  (distanoe  by  apparent  size),,  The  dependence  of 
this  ^  and  of  «  on  tine  shall  ba  disoussed  in  a 
following  paper.  Here  v/e  are  content  with  the  result*  that 
by  A(6)  to  A(8)  the  assertions  (4*5)  and  (13*14).  are 
justified  with  i#  and  <5  having  tie  well  defined  meaning 
of  an  angular  distanoe  on  the  sky  and  the  apparent  radius 
of  a  super-cluster „ 


Appendix  3t  The  hierarchy  of  oltUrtering 

Compiling  the  average  diameters  d  of  various 
oeleetlal  objects  and  their  mean  &  from  another* 

ere  get  very  roughly  our  fable  1*  Then  comparing  the  loga¬ 
rithms  of  the  ratio  */d  and  of  ct  itself,  we  get 
the  Figure  3,  where  the  two  lines  are*  drawn  under  the 
assumption;,  that  the  ratios  X>/d  from  Table  1  (drawn 
as  oiroles)  are  wrong  by  the  factor  0,4  or  40  » 
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2> 
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2. 
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Z'AO* 
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** 

Rich  Clusters 

do* 

A  ■  AO* 

Super^Clustere 

2-  dp* 

i 

AO * 

IftfelSj.*  The  diameters  d  and  the  mutual  distanoea  £ 


of  some  objects,  oorreot  up  to  faotors  between 
0,2  and  5  ,  and  given  in  the  unit 

4  0 

A  yo&r  AO  on. 
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Such  an  uneercainty  must  surely  be  admitted#  since 
not  only  the  intrinsic  variations  and  the  observational 
errors  are  very  largo,  but  also  the  toOflittfll  °*  •» 

"average  diameter"  laid  a  "mean  distance"  la  rather  arbitrary. 
But  even  then  our  Figure  3  shove  the  clear  tendency  of  the 
ratio  J>/«|  to  beooae  smaller  for  larger  systems.  If  this 
teadeaoy  goes  on,  the  possible  dusters  of  super-clusters 
will  overlap  considerably. 

Already  the  super-dusters  are  so  badly  disoemeble 
individually#  that  their  sere  existence  is  still  now  denied  by 
ZWICXT  (I960).  By  statistical  methods#  however,  their 
exietenoe  ootafiCd  be  established  beyond  any  doubt,  especially  ' 
by  the  proof  (ABELL  1958,  §  III  e  )  that  their  true  diameters 
are  roughly  the  ease  at  all  dletanoes  from  us.  Of  oourse  this  . 
might  also  be  possible  for  the  clusters  of  super-olusters, 
if  sufficiently  many  observations  would  be  available.  But 
one  may  doubt,  whether  these  observations  can  evtr  be  node. 

The  present  data  about  the  individually  disoemable 
dusters  of  galaxies  (ABELL  1958)  might  surely  be  improved 
in  detail,  but  their  extent  in  depth  of  spaoe  is  nearly  all, 
what  can  be  achieved  with  existing  instruments.  For  a 
preliminary  study  of  the  super-dusters  they  are  just 
sufficient  under  low  pretension;  but  the  9J&ST  gtof.lafft 

are  at  least  ten  tines  as  large  in  their  linear  dimensions, 
henoe  they  would  require  a  much  deeper  survey. 

The  actual  situation  i e  still  worse,  because  with  very 
few  except lone  the  super-dusters  cannot  be  recognised 
individually.  Therefore  their  tendency  to  form  third  order 
clusters  oannot  be  investigated  by  the  method  applicable  to 
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themselves.  Instead  on®  ought  to  look  for  disorepaneiee 
bstwee a  the  observations  and  tho  statistical  model  nets*  lMNt 
which  might  than  be  overcome  by  dropping  our  assumption  of 
a  uniform  distribution  of  the  super-clusters  . 

Suoh  a  method  would  correspond  to  an  attempt  of 
investigating  the  super-oliustera  not  by  a  oatalog  of  olustersf 
but  from  counts  of  galaxies.  Although  prepared  theoretically 
by  JTKYEAH  and  SOOTT  (S,  §  11),  it  was  not  yet  performed. 

Besides  its  mathematical  complexity  and  the  difficulty  to 
evaluate  the  oounts  from  very  large  fields  of  the  sky,  it  has 
more  parameters  to  be  estimated  than  our  method. 

Therefore  an  empirical  study  of  third  order  clusters  will 
be  impossible  at  least  for  the  next  deoades,  although  their 
existenoe  may  well  be  expected  theoretically  (sea  also  U£AK  1954, 
)  Besides  this  our  discussion  shows  that  the 
oosmologieally  important  in  very  large  parts  of  Idle 

universe  is  oompatible  with  an  hierarchy  of  clusters  up  to  any 
order.  It  only  requires  that  the  observed  deeorease  of  the  ratio 
J>/d  (ri^iro  3)  sooe  on  from  st-?p  to  step,  suoh  that  the 
dusters  of  higher  order  will  practically  overlap  completely. 

Suoh  an  hierarchy  must  be  well  distinguished  from  a  properly 
"hierarchic  model  cf  tho  universe"  like  that  proposed  by  KLEIB 
(1956).  This  would  of  course  bred  the  trend  of  our  Figure  3 I 
but  it  oan  never  be  rejected  by  the  observations,  if  one  always 
assumes  that  the  "gap"  between  "our"  part  of  the  universe  and 
the  others  begins  beyond  tho  region  already  overlooked  by 
any  means. 
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Apa*adix  ir  The  tine  of  light  travel 

In  any  out  the  relation  between  the  red shift 
^  =  A  7^  /k  and  the  apparent  magnitude  m  of 

some  objeots  v/itli  a  uniform  intrinsio  luminosity  oan  bs 
written 


TTL  *  5  |  4”  B  4-...  j 

where  all  further  terms  may  be  negleoted  in  the  case 
-a  <0.2  oonoemed  here,  For  m  being  the  bhotored 


IFSrtSiOaa 


in  a  clustery 


AB’ilL  (1957)  aseumes 


A  (9) 


X)  *»  2  A  .  04 


and  B  »  Z 


A  (19) 


On  the  other  hand  almost  any  cosmology  connects  the  redshif t 
^  as  follows  with  the  tine-dependent  radius  R  of  the  uni's 


4*}m 


•  emitted 


T*  <*■>- 
*R  (O 


A  (11) 


where  i  is  the 


Shis  shall  here  be  expressed 


as  in  (6)  by  its  present  ralue  te  ,  the  reoiprooal 
HUBBLE- p&rane t er  t 


■k  m  R  (t.)/-R‘Ct.)  , 


A  (12) 


and  a  measure  't  of  the  dietanoe  from  ust 

t  m  t. «  -  &  .*tf 

Now  the  eimplest  of  all  the  oosmological  models, 
whioh  do  not  oontradiot  the  present  observations,  Is  that 
of  EINSTBIK,  Be  SITTER  (1932),  There  the  metric  Is  given  by 


A  (13) 


d*4  •  T?*U) IdfS  -ett*  A  (u)' 

with  ' 

DU) -(t/u)1  RIO  . 

fiber*  %  le  a  coordinate  sad  Aft  describe* 

the  unit  sphere.  For  A(12)  with  A(13)  it  yields* 

,  hence  t/t#  ,  A  (15) 

Therefore  we  get  from  A( 11): 

J  a  ttl  +  f  tt  |t  4....)  ,  * 

and  inserted  in  A(9)  with  A(10)  this  proves  (29)„ 

For  a  voltca  element  dV  of  the  eoceving  space* 
and  for  the  radial  propagation  of  light,  we  obtain  from 
A(14)  ant 

d V  *  conet  d^cU  t  A  (17) 

-4  -t 

1<U|»  R  U)dt  •  conet  *(4-1*)  U«| 

a  conet  •  (d  +T  +  ■{  T*  *...)  l«hr|  . 

This  givee  integrated 

dc.  »  const  •  ( tr  *f  fr  tr  <■•••)  , 

henoe  up  to  the  eeoond  order  in  t  i  ' 


A  (13) 


euoh  that  A(17)  proves  (11) 


It  we  consider  instead  of  the  uniquely  defined  AM 
A  (14)  of  BIHSfUl,  Do  8I«m  (1932)  MJ  other  qf  the 
7RIS1XCAKV  aodels  allowed  by  the  present  observations,  only 
the  fraotione  in  A(16)  end  A(18)  trill  slightly  change. 

In  (29)  IMs  would  influenoe  Idle  factors  4>  and  c  , 
in  (11)  only  the  last„tenu 
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Texte  *tt  den  Abbilluugen 


Figure  1*  A  oentral  region  allow!:  .g  *iye 

o  ongruent  sun.  d 1?  -j  j?o  -ji  one  «■£ 

in  diffarent  positions* 


Figure  2:  One  of  our  pairs  of  oiroular  counting 

regions  with  its  three  intrinsic  paraaetere. 


Figure  3t  ®o  compare  the  mutual  distances  D  of  sons 
ob^ots  (9?able  1)  with  thoir  diameters  d  . 
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